We show that closures of families of unitary local systems on quasiprojective varieties for which the dimension of a graded component of Hodge filtration has constant value can be identified with a union of polytopes. We also present a local version of this theorem. This results in "Hodge decomposition" of the set of unitary local systems with non-vanishing cohomology extending Hodge decomposition of characteristic varieties of links of plane curves studied by the author earlier. We study a twisted version of the characteristic varieties generalizing the twisted Alexander polynomials. Several explicit calculations for the complements to arrangements are made.
Introduction
Let ρ : π 1 (X) → U N (C) be a unitary N -dimensional representation of the fundamental group of a non singular quasiprojective variety X or, in other words, a unitary rank N local system. It is well known that with this data one can associate the cohomology groups H i (X, ρ) and that the cohomology of a unitary local system V ρ support canonical mixed Hodge structure part of which is the Hodge filtration ...F p+1 H n (V ρ ) ⊆ F p H n (V ρ ) ⊆ ....
One of the purposes of this paper is to study the structure of the family S n,p ρ,l of local systems V ρ ⊗ L χ with a fixed ρ, arbitrary character χ : π 1 (X) → C * and with the dimension of graded components Gr p F = F p /F p+1 of the graded space associated with the Hodge filtration on cohomology satisfying dim Gr p F H n (X, V ρ⊗χ ) ≥ l. This structure, it turns out, is rather different in projective and quasiprojective cases and the difference will be explained shortly in this introduction.
Secondly, we derive a local version of results on the structure of the sets of local systems with fixed dimension of cohomology and also the sets of local systems with fixed dimension of associated graded for Hodge filtration groups (a construction of mixed Hodge structure in this case, apparently absent in the literature and therefore we give one in section 3). The local and global situations are closely related and in previous paper [19] we showed how such type of local data can be used to derive information about sets of local systems with fixed dimension of cohomology in some quasiprojective cases. For simplicity, we assume in this paper that there are no non trivial rank one local systems on a non singular compactificationX of X i.e. H 1 (X, C * ) = 0.
Let us first describe our local results, (which global counterparts are in [8] , [21] and [1] ) and consider a pair (X, D) consisting of a germ of a complex space X having as its link a simply connected manifold and a divisor D = D i on X which is a union of r irreducible components. In this case the family of the rank one local systems on X − D is parameterized by a r-dimensional affine torus: H 1 (X − D, C * ) = C * r (cf. [10] ). In section 3 we show the following: Theorem 1.1. The collection of local systems S n l = {χ ∈ H 1 (X − D, C * )| dim H n (X − D, L χ ) ≥ l} is a finite union of translated by points of finite order sub-tori of H 1 (X − D, C * ). 1 Note that X − D is Stein but not quasiprojective and so, except for occasional cases when it is homotopy equivalent to a quasiprojective manifold, this does not follow immediately from [1] . Rather, we use a Mayer-Vietoris spectral sequence for union of tori bundles on quasiprijective manifolds, which, as we show, degenerates in term E 2 and this together with [1] yields the claim. As in [18] , we call S n l the characteristic variety of (X, D).
The theorem 1.1 was conjectured in [18] where we also conjectured a procedure for calculation of the translated sub-tori from the theorem 1.1 in the case when X is non singular and D is an isolated non normal crossing (see section 4 for discussion of this case). The idea in [18] was to calculate the dimensions h p,q,n χ of the vector spaces defined in terms of the mixed Hodge structure on the cohomology of a local system L χ using their relation to the homology of abelian covers and then to apply the results to calculate the translated sub-tori in 1.1. A special case of this approach is the algebro-geometric calculation of the zeros of multivariable Alexander polynomials carried out in [17] . In section 3 we address the issue of existence of Mixed Hodge structure on the cohomology of local systems on X − D, which admit logarithmic extension with eigenvalues belonging to [0, 1). This is a local version of the result of Timmescheidt [23] (also [1] ) and in the case of trivial local systems reduces to construction in [12] . The Hodge numbers of local systems correpsonding to χ's having finite order in H 1 (X−D, C * ) obtained from construction in section 3 coincide with the Hodge numbers h p,q,n χ which are the dimensions of χ-eigenspaces of the covering group acting on the Deligne's Hodge groups of finite abelian covers of X − D. This allows us to use in section 4 the information obtained in section 3 to study the Hodge decomposition of abelian covers corresponding to isolated non normal crossings. Now let us explain the difference between the loci with fixed dimension of Gr p F H n is projective and quasiprojective cases. On compact Kahler manifolds the families of local systems can be identified with the families of topologically trivial 2 holomorphic line bundles (cf. [21] or [2] ) and those with jumping Hodge numbers are the unions of translated abelian subvarieties (cf [8] ) of the Picard group. As an example in quasiprojective case let us look at the cohomology of local systems on P 1 −(0, 1, ∞). The unitary local systems are parameterized by the maximal compact subgroup in C * × C * . One can show, that the cohomology H 1 (P 1 − (0, 1, ∞), L χ ) of a local system corresponding to χ : π 1 (P 1 − (0, 1, ∞)) → C * and having a finite order n is isomorphic to the χ-eigenspace H 1 (X n,n , C) χ ⊂ H 1 (X n,n , C) where X n,n is the abelian cover of P 1 − (0, 1, ∞) corresponding to the reduction modulo n:
(in other words: H 1 (X n,n , C) χ = {a ∈ H 1 (X n,n , C)|g · a = χ(g)a where g ∈ Z/nZ ⊕ Z/nZ}). Such an abelian cover has as a model the complement to the fixed 1 The assumption simply connectedness of the link of X is used only to simplify the exposition and can be dropped after some modification in the statement. Cf. work [2] for such modification in related context. 2 or those for which the first Chern class is a torsion points of non identity elements in the group Z/nZ ⊕ Z/nZ acting on Fermat curve:
F n : x n + y n = z n , (x, y, z) → (ζ a n x, ζ b n y, z) (ζ n is a primitive root of degree n, a, b ∈ Z/nZ). In particular each H 1 (P 1 − (0, 1, ∞), L χ ) acquires the Hodge and weight filtrations induced from H 1 (X n,n , C) χ . We shall focus on weight 1 component Gr W 1 H 1 (X n,n ) = H 1 (F n ) and will look for those χ for which
Now the cohomology classes H 1,0 (F n , C) are represented by the residues of meromorphic 2-forms on P 2 with poles having order one along F n cf. [9] :
P (x, y, z)zdx ∧ dy x n + y n − z n where P (x, y, z) is a homogeneous polynomial of degree n − 3. Since the group Z/nZ ⊕ Z/nZ acts via multiplication of the coordinates (in particular generators act as follows g x : (x, y, z) → (ζ n x, y, z), g y : (x, y, z) → (x, ζ n y, z)) each non zero eigenspace of the character χ a,b such that
. On the universal cover of the space of unitary characters, they are represented in terms ofā = a + 1,b = b + 1 by triangle
The situation described in this example is quite general. In section 2.1 we prove the following: Theorem 1.2. Let X be a quasiprojective manifold without non trivial rank one local systems on a non singular compactification, ρ : π 1 (X) → U N be a unitary representation , Charπ 1 (X) be the torus of characters of the fundamental group and Char u π 1 (X) be the subgroup of unitary characters. Let U be the fundamental domain of π 1 (Char u π 1 (X)) acting on the universal cover Char u π 1 (X) of the torus Char u π 1 (X) and exp : U → Char u π 1 (X) be the universal covering map 4 . Then (1) S n,p ρ,l = {χ ∈ Char u π 1 (X)| dim Gr p F H n (V ρ ⊗ L χ ) ≥ l} is a finite union of polytopes in U i.e. is a subset which is the set of solutions for a finite set of inequalities L ≥ 0 where L is a linear function.
We also prove that a similar picture takes place in the local situation of the theorem 1.1. Theorem 1.3. Let (X, D) be a germ of a divisor with r irreducible components on a germ of a complex space as in theorem 1.1. Ket X = X − D and CharX = Charπ 1 (X) be the space of characters of the fundamental group of X. Let Char u π 1 (X) ⊂ Charπ 1 (X) be the maximal torus of unitary characters and let U ⊂ Char u π 1 (X) be a fundamental domain of the covering group of the universal 3 One can check that weight two part Gr 1 F Gr W 2 H 1 (Xn,n)χ adds characters on the boundary of this triangle 4 We identify the universal cover with the tangent space to Char u π 1 (X), the universal covering map with the exponential map and the fundamental domain U with the unit cube in the tangent space.
cover Char u π 1 (X) of Char u π 1 (X). For each pair (p, n) and l ∈ N there exist a collection of polytopes S p,n l ⊂ U such that the image of S p,n l under the covering map U → Char u π 1 (X) consists of the local systems L satisfying rkF p /F p+1 H n (L) = l.
The image of the union ∪ p,(...,li,...), P lp=l S n,p li under the covering map Char u π 1 (X) → Char u X is the unitary part of characteristic variety: S n l ∩ Char u π 1 (X). In the case when (X, D) is an isolated non-normal crossings which studied in [18] and [10] this has as a consequence the fact that the support of the homotopy groups of the complements has canonical decomposition into a union of polytopes. These polytopes can be related to the distribution of the Hodge numbers of abelian covers and will be discussed in section 4. Finally, in the last section, we make explicit calculations of polytopes S n,p l in several examples. The author wants to thank N.Budur for his comments on a draft of this paper. Note that the polytopes 5 in this circle of questions were introduced in [16] (cf. also [17] ). Polytopes in quasiprojective case for initial element of Hodge filtration were studied recently by Nero Budur in [2] using Mochizuki work 6
Hodge numbers of local systems on quasiprojective varieties
LetX be a compact projective manifold such that H 1 (X, C * ) = 0, D be a divisor and X =X − D. Denote by Ω 1X (logD) the sheaf of meromorphic 1-forms which are logarithmic is a neighborhood of any point ofX in which D is non singular. Next, we shall fix a N -dimensional unitary representation ρ : π 1 (X) → U k such that there is a locally trivial bundle V onX and a meromorphic connection ∇ : V → Ω 1X (logD) ⊗ V for which the restriction on X is flat and the corresponding holonomy representation is ρ. Let χ : π 1 (X) → C * be an unitary character of the fundamental group. Denote by V ρ⊗χ the the local system corresponding to representation ρ ⊗ χ. It follows from [23] and [1] that H i (X, V ρ⊗χ ) support three filtrations F,F , W (F,F being decreasing and W increasing) such that
Note that the F -filtration is the one resulting from degenerating in E 1 -term Hodge-deRham spectral sequence (cf. [23] ):
where V ρ⊗χ is the vector bundle on X with the flat logarithmic connection ∇ having the eigenvalues of the residues matrices Res∇ satisfying 0 ≤ Re < 1 and having on X the holonomy being the representation ρ ⊗ χ.
The set of unitary rank one local systems Char u (π 1 (X)) is parameterized by the maximal compact subgroup U in the torus Hom(π 1 (X), C * ). We shall assume for simplicity that this torus is connected (i.e. H 1 (X, Z) is torsion free) leaving to an interested reader the general case. We shall fixed a fundamental domain U of the universal coverŨ of U . As already was mentioned, we shall view this universal cover as the tangent space to U at the identity with the covering map being the exponential map. A choice of generators in H 1 (X, Z) = ⊕Z r allows to identify the universal cover of Char u (π 1 (X)) with R n sov that the generator of the i-th summand acting as (x 1 , ..., x r ) → (x 1 , .., x i + 1, ...x r ). Exponential map yields the lattice U Z = Ker(exp) ⊂Ũ. We shall use as the fundamental domain U of this action the unit cube
The main result in this section is the following theorem:
Theorem 2.1. Let X be a quasiprojective variety such that H 1 (X, C * ) = 0. Let S n,p ρ,l be the subset of U defined as follows. (3) is a union of polytopes i.e. is a subset of U for which there exist a collection of linear functions l j ∈ Hom(U Z , Q) on the universal cover U so that it is the set of solutions of a finite collection of inequalities a j ≤ l j (u) < a ′ j (a j , a ′ j ∈ R). In the case when ρ has an abelian image and F is the fields generated by the eigenvalues of Im(ρ) one has a j , a ′ j ∈ F .
Proof of 2.1. Let π : (X,D) →X be log-resolution of (X, D) i.e. the total transformD of D is a normal crossing divisor. We claim that for χ ∈ Charπ 1 (X), there are only finitely many Deligne's extensions of the local systems V ⊗ L χ and the collection of local systems with fixed Deligne's extension corresponds via the exponential map to a polytope. The above theorem clearly follows from this. Let
, ω χ are 1-forms in a chart inX be the connection matrix in an appropriate chart of the flat logarithmic connection (for some bundle M onX) corresponding to the local system ρ (resp. χ) . For a componentD k of the normal crossing divisorD let RD k i,j (ρ) = ResD k ω i,j (ρ) the matrix of residues along D k and let βD k i (ρ) be the collection of eigenvalues of the matrix RD k i,j (ρ). Since the connection on the tensor product is given by
and hence the eigenvalues of Res D k ∇ ρ⊗χ are:
.., k). Let consider a family of irreducibleD b 1 , ...,D b r of P ic(X) (so that the elements of H 1 (X, Z) represented by loops γ i linked with corresponding D i freely generate H 1 (X, Z) = Z r cf. [19] ). Let α i = ResDb i ∇ χ which, modifying if necessary the extension of bundle in which logarithmic connection corresponding to local system L χ is defined, we can assume satisfy 0 ≤ α i < 1 for all i = 1, ..., r. For any other
Hence the residues of connection ∇ ρ⊗χ are 
From degeneration of the spectral sequence (2) it follows that
In particular the logarithms of characters χ yielding the a given Deligne's extension form a polytope in U. Since the rank of Gr p F H k (V ρ⊗χ ) has only finitely many values (bounded by the number of Deligne's extensions of the local systems V ρ⊗χ ) we see that the collection of α i having fixed values is a union of polytopes.
If the representation ρ has an abelian image then β i,j in (4) are integer combinations of the eigenvalues of values of ρ on generators π 1 and the claim follows.
Proof. The logarithm of such isolated character is a solution of finite system of equations with integer coefficients i.e. is in Q.
l} is a union of translated subgroups by points of finite order.
Proof The subsets S n ρ,l clearly are algebraic subsets of Char u π 1 (X). On the other hand it follows from theorem 2.1 that S n ρ,l = l0+...+ln=l ∩ p=0,...,n S n,p ρ,lp is a union of polytopes. The Zariski closure of an image of a polytope of positive dimension d in Char u π 1 (X), i.e. the intersection of algebraic subvarieties containing it is a translated subgroup of Char u π 1 (X).
Remark 2.4. In [1] it is shown that (at least for trivial ρ) that similarly defined subgroups of the full group of characters of π 1 (X) are unions of translated subgroups. In particular the subgroups S n l in Char u π 1 (X) determine completely the subgroups in Charπ 1 (X). For example this shows that translation is by points of finite order (rather than just the unitary ones cf. [1] ). This also implies that the polytopes S n,p l determines translated subgroups of Charπ 1 (X) completely. In [19] a procedure was outlined for calculation of the polytopes corresponding to p = 0 component of Hodge filtration in some geometrically interesting cases.
Corollary 2.5. Let i : X 1 → X 2 be an embedding of quasiprojective submanifold X 1 into a quasi-projective submanifold X 2 . Let ρ be a unitary representation of π 1 (X 2 ). Then either
are the images of a union of polytopes in the universal cover of U .
Proof Let us select a resolution of a pair (X 1 , X 2 ) (i.e. the compactifying divisor D 2 of X 2 is a normal crossing divisor and the closure of X 1 in this compactification has at infinity also only normal crossings divisor D 1 ). The Deligne extension for the flat connection corresponding to the local system i * (ρ ⊗ χ) is restriction of the Deligne extension of connection of ρ ⊗ χ. Hence the characters in the corollary are the characters giving the Deligne extension for which the corresponding map
has a fixed dimension of the kernel (resp. image).
Local translated subgroup theorem for complement to germs of singularities and Hodge structure on cohomology of local systems
In this section we shall prove the local translated subgroups theorem 1.1 and the local counterpart of the theorem 2.1.
We shall use the same notations as in introduction: X is a germ of a complex space with an isolated singularity, D is a divisor on X (with arbitrary singularities) having r irreducible components. Assume that the link of X i.e. the intersection with a small sphere about the singular point os simply connected (cf. [10] ). This implies, in particular, that:
[18], [10] ) As generators for H 1 (X − D, Z) one can take the classes of 1-cycles which are the boundaries of small disks transversal to D at a non singular point of each component. In particular H 1 (X − D, C * ) = C * r and hence the rank one local systems are parameterized by the torus with a fixed coordinate system. The main results of this section are the following two theorems mentioned in the introduction.
Theorem 3.1. Let (X, D) be a germ of a reducible divisor with r irreducible component D i (i = 1, ...r) and X having an isolated singularity with a simply connected link. Let
where L χ is the local system corresponding to the character χ. Then S n l is a union of translated subgroups for any n and l. More precisely, there are subgroups T i ⊂ Charπ 1 (X − D) (possibly trivial) and torsion characters ρ i such that
This is a local version of the results of [1] . The arguments using in the proof 3.1 also yield the existence of the mixed Hodge structure on the cohomology of local systems extending the results of [23] and [1] to the local case: Theorem 3.2. Let X be an analytic space with an isolated singularity D be a divisor on X. Let χ be the character of π 1 (X − D). Let L χ be the corresponding local system and ∇ be the flat connection on a vector bundle on X − D. Let V be the Deligne's extension of the the vector bundle on X − SingX i.e. Res∇ χ has all eigenvalues satisfying: 0 ≤ Reτ < 1. Then H i ( L χ ) admit the canonical (C-) mixed Hodge structure.
Before proving this results, let us calculate the cohomology of local systems on fibrations with fiber F = (D * ) k where D * is a unit disk in C minus its center which we shall use later. Let π : T * → E be such a locally trivial fibration over a topological space E for which the associated C k bundle T → E is a direct sum of k line bundles with Chern classes c 1 , ..., c k respectively. Consider the homomorphisms:
given by:
Denote by Imπ 1 (F ) the image of the homomorphism π 1 (F ) → π 1 (T * ) and let χ : π 1 (T * ) → C * be a character of the fundamental group of T * . Since one has the exact sequence: 0 → Imπ 1 (F ) → π 1 (T * ) → π 1 (E) → 0, a character χ has trivial restriction on Imπ 1 (F ) if and only χ = π * (χ E ) for some χ E ∈ Charπ 1 (E).
We claim that for any non-negative i one has the following:
Indeed, this is clearly the case if E is a point. For arbitrary E it follows from the Leray spectral sequence: H p (E, R q π * (L χ )) ⇒ H p+q (T * , L χ ) which degenerates in term E 3 which can be seen using compatibility property of differentials of a spectral sequence with products and vanishing of d i , i > 2 on E 0.1 * . One arrives to the formula (10) for E 3 = E ∞ since d a,b 2 = κ a,b as one can see using multiplicativity and well known identification of d 2 in the Leray spectral sequence of a circle bundle with the cup product with the first Chern class of the associated line bundle.
Next, let us consider:
S is quasiprojective and the line bundles L 1 , ..., L k are holomorphic then S n l (T * ) is a union of translated subgroups in Charπ 1 (T * ) as follows from [1] since T * is homotopy equivalent to the total space of associated C * k bundle which is also quasiprojective.
Proof. (of theorem 3.1) Let i∈I E i be the exceptional locus of a log resolution
whereD j are the proper preimages of the components D j . Let ∂T (∪E i ) be the boundary of the regular neighborhood T (∪E i ) of ∪E i inX. We have the identification (homotopy equivalence)
The (open) manifold ∂T (∪E i ) − ∂T (∪E i ) ∩ ∪D j can be constructed inductively as a union of tori bundles over quasiprojective varieties intersecting along unions of tori bundles lower dimension. More precisely, consider the stratification of E i in which each stratum is a connected component of a set consisting of points belonging to exactly l components of this union. Complement to ∪D j in an intersection of the boundaries ∂T (E i ) of small regular neighborhoods inX of E i containing this stratum is fibration with the fiber being the torus (S 1 ) l . Here l is the number of components E i , i ∈ I containing this stratum. For each stratum S, the total space T * (S) of this (S 1 ) l -fibration is a subset of ∂T (∪E i )−∂T (∪E i )∩∪D j . The collection of characters in T = Char(π 1 (∂T (∪E i )− ∂T (∪E i )∩∪D j )) which when restricted on T * (S) yield a character with corresponding local system having H n (T * (S), L χ ) ≥ l is a union of translated subgroups in T (cf. (11) ).
The cohomology H n (∂T (∪E i ) − ∂T (∪E i ) ∩ ∪D j , L χ ) is the abutment of a Mayer Vietoris spectral sequence:
where A [q] is a torus bundle over a stratum of the above stratification. This spectral sequence has trivial differentials d i for i ≥ 2. Degeneration of (12) in the case when A [ 0] is compact Kahler and χ is trivial derived in [4] from the principle of two types. The same argument yields degeneration of (12) in the case of arbitrary χ using in the proof of (12) instead of deRham complex twisted deRham complex with differential d + ω∧ where ω is the form of the connection corresponding to the local system L χ| A [q] (this complex calculates the cohomology of this local system cf. [5] ) In the case when A i = Ā i − ∪D j whereĀ i and D j are compact Kahler one has exact sequence of in the category of spectral sequences relating the Mayer-Vietoris spectral sequences for A i , Ā i andĀ i ∪ D j (using duality relating the cohomology of (Ā [q] , A [q] ) andĀ [q] ∩∪D j ). Hence, vanishing of differentials d i , i ≥ 2 in Mayer Vietoris spectral sequences for cohomology of local systems on compact Kahler manifolds yields degeneration in this quasiprojective case as well. Finally, the case when A [q] are tori bundles over quasiprojective manifolds follows from formulas (10) Now let us consider the collection of subsets T in T with each subset being a finite union of subgroups of T with removed collection of translated subgroup of T (possibly empty). Each collection local systems with fixed dimension H n (A, L χ ) when A is quasiprojective belongs to T and hence the collection χ for which each E p,q 2 term in the spectral sequence (12) has fixed dimension also belongs to T as follows from Corollary 2.5 (since d 1 in (12) is the restriction map). This proves the theorem Proof. (of theorem 3.2 ) The main point is that, while making calculation of the cohomology of local system on resolution of X, D using the isomorphism H i (X − D, L χ ) = H i (X − ( E i ∪D)) whereX, ∪E i ∪D is a resolution of pair X, D, one can replace E i ∪D) by the union of components E i such that the restriction of
is the locus of points of E i which are nonsingular points of E i ). This corresponds to isolating components with corresponding trivial holonomy of connection in quasiprojective case. (cf. [23] , [1] ). Then all steps used in [23] extension of [6] with modifications as in local case of [12] go through in our local case as well.
More precisely, let E • i1,...,i k be the locus of points of i∈I E i which belong to components E i1 , ..., E i k of E but do not belong to any other components of E (I is the set of indices of components of exceptional set).
is a tubular neighborhood in X. One has (13) ∂T
. Let I χ be the collection of components of exceptional divisor for which χ ∂T (Ei) is a pull back of a character χ E • i −D∩E • i (i.e. which restriction of the boundary of transversal to E i circle is the trivial character: cf. (10)). The characters of π 1 (E • i1,...,i k ) define the characters of π 1 ( i∈Iχ E i ) and hence the local system on T ( i∈Iχ E i ) which we also denote L χ .
Two Mayer Vietoris spectral sequences:
shows that it is enough to show the existence of the Mixed Hodge structure on the cohomology of local systems of the boundary of the neighborhood only for those components for which the restriction of χ on the boundary is the pullback from this component.
The cohomology of such local system on the boundary of a neighborhood of union of exceptional divisors, i.e. which restriction on neighborhood of each component is a pull back of a local system from this component can be calculated using hypercohomology of the mapping cone of the following bifiltered complexes of sheaves corresponding to presentation T ( i∈Iχ )(log ∪ E i ) ⊗ L χ as an intersection of a quasiprojective variety containingX −D and a regular neighborhood of i∈Iχ E i (this construction in a standard way can be upgraded to the level of mixed Hodge complexes):
T ( S i∈Iχ ) ⊗ L χ (having as its hypercohomology the cohomology with support) and (17) Ω ·−1 T ( S i∈Iχ ) (log ∪ E i ) ⊗ L χ (having as its hypercohomology the cohomology of the complement to i∈Iχ E i in the the neighborhood T ).
The Hodge filtration and weight filtrations are given in usual way (i.e. by truncation and the by considering forms with vanishing m-residues respectively).
This construction yields:
Corollary 3.3. The above mixed Hodge structure is functorial in the following sense. Consider the homomorphism:
induced by an unbranched covering f : X − D → X − D (here f * (V) is the direct image of the local system, corresponding to the induced character of subgroup π 1 ( X − D) of π 1 (X − D)). Then h k (f ) is a morphism of MHS.
The above proof of theorem 3.1 allows to deduced the following property of MHS described in theorem 3.2: Corollary 3.4. Let X, D be as above. Then the subset of a fundamental domain in the universal cover U of Char u (π 1 (X − D) given by:
Proof. It follows from the degeneration of Mayer-Vietoris spectral sequence mentioned in the proof of theorem 3.1, compatibility of d 1 in it with MHS and the theorem in the previous section..
This extends results of [17] on Hodge decomposition of characteristic varieties of germs of plane curves where also examples of such "Hodge decomposition" of S 1,p l in this case are given.
Remark 3.5. The construction of MHS in local case also can be extended to the case of cohomology of a unitary local system i.e. to the context of [23] . Also, the theorem 3.1 can be modified in obvious way to include twisting by a higher rank local system as in theorem 2.1.
Isolated non-normal crossings
Now we shall apply the results of previous section to the case of isolated non normal crossings. First recall the following, already mentioned in the introduction: Definition 4.1. (cf. [18] , [10] ) An isolated non normal crossing (INNC) is a pair (X, D) where X is a germ of a complex space X having dim X − 2-connected link ∂B ∩ X where B is a small ball about P 7 and where D is a divisor on X which has only normal crossings at any point of X − P .
The global isolated non normal crossings divisors were considered in [19] where the homotopy groups of the complement were related to the local invariants which are certain polytopes and the goal of this section is to relate them to the polytopes discussed in previous section.
For the local INNCs as in 4.1 one has the following homotopy vanishing theorem (cf. [18] . Th.2.2 and [10]): D) is an INNC, dim X = n + 1 and r is the number of irreducible components in D then: π 1 (X − D) = Z r , π i (X − D, x) = 0 for 2 ≤ i ≤ n − 1 7 for example a germ of a complete intersection with isolated singularity.
The main invariant on local INNCs is π n (X − D) considered as a π 1 (X − D)module. It follows from the theorem 4.2 that this homotopy group is isomorphic to the homology of the infinite abelian cover H n ( X − D, Z). The π 1 (X − D)-module structure corresponds to the one given by the action of the fundamental group on the homology of the universal cover. [16] , [15] ) l-th characteristic variety of (X, D) is the reduced support of π 1 (X − D) module Λ l (π n (X − D) ⊗ Z C). In other words:
(here subscript ℘ denotes the localization in the prime ideal ℘)
INNCs are reducible analogs of isolated singularities corresponding to the case r = 1 for the homotopy vanishing in theorem 4.2 is equivalent to the Milnor's theorem asserting that the Milnor fiber of an isolated singularity of a hypersurface having dimension n is (n − 1) connected (cf. [20] ). Indeed, by Milnor's fibration theorem one has a locally trivial fibration: φ : X − D → S 1 . Clearly, the identities of the theorem 4.2 are equivalent to the requirement that the fiber F of φ satisfies: π i (F ) = 0 0 ≤ i ≤ n − 1. Moreover, in the this (i.e. r = 1) case, the variety S 1 ⊂ C * is the collection of eigenvalues of the monodromy of Milnor fibration φ.
Note also that since the universal cover X − D of X − D is also a covering space of the Milnor fiber and since the latter has the homotopy type of an n-complex, it follows that the universal cover of X − D has the homotopy type of a bouquet of n-spheres (cf. remark 4.7 in [18] ).
The characteristic varieties are equivalent to the loci considered in the theorem 3.1: As result we obtain the following: This corollary can be viewed as a generalization of the monodromy theorem since in the case r = 1 this is equivalent to the claim that an eigenvalue of the monodromy operator is a root of unity.
Next we shall interpret the results of previous sections in terms of mixed Hodge theory of abelian covers.
As above, for a group G acting on a vector space V and a character χ ∈ CharG we shall denote by V χ the subspace {v ∈ V |g · v = χ(g)v}. The following is a direct generalization of Prop. 4.5 and 4.6 in [18] on homology of branched and unbranched covers and the relation with cohomology of local systems in the case of curves discussed in [16] [13] .
Proof. We have the isomorphism H n ((X − D) G ) χ = H n (L χ ) (for example one can use a chain description of the cohomology of local systems) which by corollary 3.3 is compatible with both filtrations. The first equality follows from assumption that χ is essential.
This yields the following calculation of the Hodge numbers of abelian covers:
If χ is as in Proposition 4.7 then this is also equal to dim Gr p F H n (V m ) χ . In particular the function f (m 1 , ..., m r ) = dim Gr p F H n (U m ) is polynomial periodic with the degrees of polynomial depending on the dimensions of the polytopes S n,p l . This result was for the Hodge groups H p,0 was obtained in [2] .
Twisted Characteristic Varieties
The subvarieties S n,l ρ described in section 2.1 are topological invariants of X. In this section we relate them to the fundamental fundamental group and more standard invariants of the homotopy type.
Let X be a finite CW complex,X the universal cover of X,X ab the universal abelian cover and π ′ 1 (X) = π 1 (X ab ) be the commutator of the fundamental group of X. Let C * (X, C) be the a chain complex ofX. We shall assume that each graded component is a right free C[π 1 (X))]-module. We shall use the same notation for the modules obtained by restricting the ring C[π 1 (X)] to C[π ′ 1 (X)]. Using ρ : π 1 (X) → U (V ) we shall view V as a left C[π ′ 1 (X)]-module (here U (V ) is the univary group of a hermitian vector space V ). The modules C * (X) ⊗ π ′ 1 (X) V with the action g(c ⊗ v) = cg −1 ⊗ g · v form a complex of C[H 1 (X, Z) modules which results in the structure of C[H 1 (X, Z)]-module on the homology of the abelian cover H i (X ab , V ) with coefficients in the local system obtained by restriction of ρ on the commutator of the fundamental group. From now on let us assume that H 1 (X, Z) is torsion free and hence SpecC[H 1 (X, Z)] is connected: general case requires only obvious modifications.
Definition 5.1. The twisted by ρ i-th characteristic variety (in degree k) Ch i k is the support of the module Λ i H k (X ab , V ) which as the subset of SpecC[H 1 (X, Z)] is the collection of prime ideals ℘ in C[H 1 (X, Z)] such that localization of Λ i H k (X ab , V ) at ℘ is non zero.
In the case when H 1 (X, Z) = Z in [14] and [3] the authors study twisted Alexander polynomials of knots and plane algebraic curves respectively. Clearly ξ ∈ C si a root of twisted Alexander polynomial if and only if (−1) k = 0 for k such that ξ ∈ Ch i k = C. Proposition 5.2. If π i (X) = 0 for 2 ≤ i < k then the dimension of the twisted local system L χ corresponding to a character χ ∈ Charπ 1 (X) is given by:
andl is its lift to π 1 ), the homology H * (X, V ⊗ L χ ) can be obtained as the abutment of the spectral sequence:
Considering the lower degree terms we have:
Since for χ = 1 one has H k (H 1 (X, Z), χ) = 0 and interpreting the dimension of the middle term via Fitting ideals we obtain the result. Remark 5.4. If dim V = 1 (or, more generally, if Im(ρ) is abelian), the twisted characteristic varieties coincide with the ordinary ones. If ξ = ρ(γ) then the roots of ∆ ρ (t) are ξ −1 ǫ where ǫ is a root of ordinary Alexander polynomial (cf. also [14] ) and the claim of 5.3 is immediate.
One way to obtain a local system of higher rank is the following. Let H be a normal subgroup of π = π 1 (X) such that rkH/H ′ < ∞ and let G = π 1 (X)/H. Then G acts on H/H ′ via the map G → OutG/H ′ /InnH/H ′ = OutG/H ′ . We shall denote by ρ H the corresponding representation on V H = H/H ′ ⊗ C.
Theorem 5.5. Let H be a finitely generated normal subgroup of π = π 1 (C 2 − C) and γ ∈ π is a conjugacy class of a loop which is the boundary of a small disk transversal to to C. The eigenvalues of the action of γ on π ′ ∩ H/(π ′ ∩ H) ′ ⊗ C belong to a cyclotomic extension of the field F generated by the eigenvalues of ρ H (γ) acting on H/H ′ ⊗ C.
Proof. We shall consider the exact sequence of low degree terms corresponding to the spectral sequence of G acting on the covering space X π ′ ∩H of the infinite cyclic cover X π ′ corresponding to the subgroup π ′ ∩ H ⊂ π ′ :
After the identification H 1 (X π ′ ∩H , V H ) = H 1 (X π ′ ∩H ) ⊗ C V H ) and H 0 (X π ′ ∩H ) = C (since the pullback of the local system V H on X π ′ ∩H is trivial) we have:
The eigenvalues belongs to cyclotomic extension of F and since the action of ρ(γ) is trivial we obtain the claim.
Remark 5.6. In the case when G is finite this result is not new: if so, then H is the fundamental group of a quasiprojective variety and the Alexander polynomial is cyclotomic in this case ([19]) 6. Examples 6.1. Points in P 1 . Let us consider the case X being the complement to r+1 distinct points in P 1 . Then π 1 (X) the free group on r generators and Charπ 1 (X) = C * r . Let (α 1 , ...., α r ) ∈ U and not all α i = 0. Let [−( i α i )] = −k (1 ≤ k ≤ r). The Deligne's extension then is Ø P 1 (−k). We have:
Hence the dimensions of the graded components of Hodge filtration take constant values within the polytopes:
6.2. Generic arrangement in P 2 . The cohomology of a non trivial local system on the complement X to generic arrangement of r + 1 lines are given as follows:
Together with degeneration of the Hodge spectral sequence (2) this yields that each of the bundles of this spectral sequence in this case has only one non vanishing cohomology group i.e.
where e(A) denotes the holomorphic euler characteristic of a bundle A. Let us consider a local system for which the residues along r lines are α 1 , ...., α r and
Then the Deligne's extension is Ø(−k) and we have: (cf. [7] ). Therefore we have the following expression for the Chern character:
Hence, since the Todd class td(P 2 ) = 1 + 3 2 h + h 2 , the Riemann Roch yields:
Hence we obtain the following: Theorem 6.1. For generic arrangement in P 2 one has the following:
Cone over generic arrangements. In the case of the cone over r points in P 1 we obtain an ordinary plane curve singularity of multiplicity r which is the case discussed already in [17] . Consider now the cone over generic arrangement in P 2 considered in the previous example i.e. the arrangement CA of r + 2 planes in P 3 with r + 1 H 1 , ..., H r+1 planes forming an isolated non-normal crossing and the remaining plane H ∞ (at infinity) being transversal to the first r + 1. One can make calculations on the blow up of P 3 at the non normal crossing point of the arrangement but from 0 → Z → π 1 (P 3 − CA) → π 1 (P 2 − A) → 0 one has the identification of Charπ 1 (P 2 − A) with the subgroup of Charπ 1 (P 3 − CA) in the standard coordinates in the latter given by
From the Gysin sequence associated with H ∞ − ∪ i=r i=1 H i ∩ H ∞ ⊂ P 3 − ∪ i=r i=1 H i we have the identification of the Hodge structures :
Hence the polytopes S 2 k are given by α 1 + ... + α r+1 = k and in each of these polytopes we have the value of dim Gr k F given by the theorem 6.1.
6.4. Arrangement from a pencil of plane quadrics. Consider the arrangement of 6 lines L 1 , .., L 6 composed of the 3 sides of triangle and the three cevians in it. Let H ∞ be the line at infinity. Charπ 1 (P 2 − ∪L i ∪ H ∞ ) = C * 6 . The characteristic variety is given by
where (i 1 , i 2 .i 3 ) runs through triples having a triple point in common (cf. [16] ). This a two dimensional sub-torus in the torus of characters. Let us consider the characters exp(u) where u = (α 1 , ..., α 6 ) such that α i1 + α i2 + α i3 = p + 1 (p = 0, 1) (i 1 , i 2 , i 3 ) as in (43). LetP 2 be the blow up of P 2 at the vertices of the triangle. The Deligne's extension is Ø( i (p + 1)E i − 2pH ∞ ). We have using KP 2 = E i − 3H ∞ and Serre duality
where J B is the ideal sheaf of the set of the vertices of the triangle (the last equality follows from the Cayley-Bacharach theorem, cf. [16] ). Similarly one obtains (V is the Deligne's extension):
Gr 0 F = dimH 0 (P 2 , Ω 1 (log ∪ E i ∪ H ∞ ) ⊗ V) = 1 6.5. Arrangement from a net of quadrics in P 3 . Consider the arrangement D 8,4 = ∪ i=1,...8 H i of 8 planes in P 3 introduced in [19] . Recall that these 8 planes split in 4 pairs forming 4 quadrics belonging to a net. This net has 8 base points which are the only 8 non-normal crossings in the arrangement. Let H ∞ be a generic hyperplane in P 3 . One has Charπ 1 (P 3 − D 8,4 ∪ H ∞ ) = C * 8 . Consider the subset in U (cf. section 2.1) given by (44)S 2 3 : α i1 + ... + α i4 = 3 where (i 1 , ..., i 4 ) runs through 8 unordered collections of indices such that H i1 , ..., H i4 form a quadruple of planes containing one of 8 non-normal crossings points. Note that the dimension (over R) of the set of solutions is equal to 3 and the Zariski closure of this set is support of the homotopy group Suppπ 2 (P 3 − D 8,4 ) considered in [19] . We claim that for any u = (α 1 , ..., α 8 ) ∈S 2 3 the for the corresponding character exp(u) one has where J B is the ideal sheaf of the base locus. Since B is the complete intersection of three quadrics in P 3 the claim (45) follows from Cayley-Bacharach theorem. In fact dim Gr p F = 1 for p = 0, 1 as well and the corresponding characters are the exponents of u for which α i1 = ... = α ir = p + 1.
